This letter expands the studies of the informational efficiency in the cryptocurrency market. Most studies have focused on Bitcoin, the foremost known cryptocurrency, and a few more coins. However, this market is more diverse, with cryptocurrencies entering and leaving the market on a weekly basis. This letter fills an important gap in the literature, by studying the informational efficiency using a multi-scaling methodology, which represents a new approach. We compute the generalized Hurst exponent of eighty-four cryptoassets daily returns. The multi-scaling methodology used in this paper find compelling evidence that cryptocurrencies have different degree of long range dependence, and -more importantly -follow different stochastic processes. Some of them follow traditional monofractal models consistent with fractional Brownian motion, while others exhibit complex multifractal dynamics.
Introduction
Contemporary to the outbreak of the 2008 financial crisis, an anonymously posted paper attributed to Nakamoto (2009) , set the grounds for a new type of financial asset. This new synthetic product, aimed at bypassing the traditional banking system, became known as cryptocurrency. In spite of the fact that its properties as "currency" has been cast in doubt by Yermack (2013) , Dwyer (2015) , Selgin (2015) , and Schilling and Uhlig (2019) , it is undoubtedly a financial asset of great interest among investors. Shortly after its launching, Bitcoin became tantamount of cryptocurrency. This success led many entrepreneurs to develop their own crytpocurrencies. Elbahrawy et al. (2017) trace the evolutionary dynamics of this market, finding that until the beginning of 2017 the average birth rate of new cryptocurrencies was slightly larger than the average death rates, with an average net increment in the number of coins in the long run. As of March 2020, there are more than 5000 cryptocurrencies, which are traded on 20877 platforms, adding up a market capitalization of 142 USD billions (Coinmarket, 0120) . These figures highlight the economic relevance of this phenomenon.
Cryptocurrencies studies emerge as new and frutiful empirical area, where researchers look for insights of this novel product. Recent surveys (Yli-Huumo et al., 2016; Corbet et al., 2019; Merediz-Solà and Bariviera, 2019) show aspects that has been covered until now: statistical properties of daily returns (Urquhart, 2016; Bariviera et al., 2017) ; safe haven characteristics of Bitcoin (Bouri et al., 2017; Smales, 2018) ; correlation of main cryptocurrencies with traditional assets Aslanidis et al., 2019) ; and portfolio optimization (Platanakis and Urquhart, 2019) .
Nevertheless, there are several gaps in the literature. Firstly, most empirical studies focus their attention on Bitcoin, or at most on the five biggest cryptocurrencies (Bitcoin, Ethereum, Bitcoin Cash, Ripple, Litecoin) . Secondly, the scale dimension remains unstudied.
Hence, an alternative approach is necessary. This letter expands and complements previous literature on cryptocurrencies in three aspects: (i) it uses a multi-scaling approach that represents a new approach to this market; (ii) it works with a comprehensive set of cryptocurrencies, which reflects more accurately the behavior of the market; and (iii) it presents a criterion for selecting more appropriate stochastic models of cryptocurrencies dynamics.
The letter is organized as follows. Section 2 discusses general aspects of long range memory and explains the methodology. Section 3 presents the data. Section 4 discusses the main findings. Finally, Section 5 outlines the conclusion of our analysis.
Methods

Long range memory
The Efficient Market Hypothesis (EMH), cornerstone of financial economics, is based on the idea price movements in a competitive market constitute a fair game. The first stochastic model on financial assets was developed by Bachelier (1900) , applying the arithmetic Brownian motion model to French bonds. The formalization of the Efficient Market Hypothesis (EMH) in economics begin with the theoretical work by Samuelson (1965) and the definition and classification by Fama (1970) . Briefly, the EMH requires that returns of financial assets follow a memoryless stochastic process with respect to the underlying information set.
Contrary to this ideal model, several papers find long memory in traditional financial assets, using different methods (Barkoulas et al., 2000; Carbone et al., 2004; McCarthy et al., 2009; Cajueiro et al., 2009 ). An important research line in statistics and econometrics is directed at detecting long memory in financial time series. Different alternatives have been formulated (e.g.: fractional Brownian motion, fractional Lèvy flights) to account for long memory. However, they are monofractal Markov processes.
Regarding cryptocurrencies, there are also several studies on long range dependence. Bariviera (2017) shows that daily returns of Bitcoin become more efficient across time, but volatility exhibits long-range memory during all the period. Tiwari et al. (2018) observe that the Bitcoin market has a trend towards the informational efficicency, albeit it exhibits long range dependence during April-August, 2013 and August-November, 2016. Such results are aligned with those previously found by Urquhart (2016) . More recently, Phillip et al. (2019) show that faster transacted currencies show stronger oscillating long run autocorrelations. For the sake of brevity, we refer to Corbet et al. (2019) and Merediz-Solà and Bariviera (2019) for further empirical financial literature on cryptocurrencies.
Generalized Hurst exponent
The Hurst exponent H characterizes the scaling behavior of the range of cumulative departures of a time series from its mean. The study of long range dependence can be traced back to seminal paper by Hurst (1951) , whose original methodology was applied to detect long memory in hydrologic time series. This method was also explored by Mandelbrot and Wallis (1968) and later introduced in the study of economic time series by Mandelbrot (1972) . This method uses the range of the partial sums of deviations of a time series from its mean, rescaled by its standard deviation. In spite of the fact that this is the most used method in economics, it is biased to find spurious long correlations. In fact, since this method relies on maximum and minimum data, it is very sensitive to outliers.
Several methods (both parametric and non-parametric) have been proposed to compute the Hurst exponent. For a survey on the different methods for estimating long range dependence see Taqqu et al. (1995) , Montanari et al. (1999) and Serinaldi (2010) .
In this paper we use the generalized Hurst exponent developed in Di Matteo et al. (2003) . In constrast to other methods, this one is suitable for describing the multi-scaling properties in financial time series, is computationally efficient, and provides robust and unbiased estimators on long term memory (Di Matteo et al., 2003 , 2005 Di Matteo, 2007) .
Given a time series X(t) (with t = ν, 2ν, . . . , kν, . . . , T , we can analize the q−order moments of the distributions of increments, considering ν the time-resolution. It has been found that qthorder moments are much less sensitive to outliers, and are associated with different features of the multi-scaling complexity of the time series. It is defined as
where · is the expectation operator. The generalized Hurst exponent H(q) results from the scaling behavior of K q (τ ) from the following relation:
This approach enables to signalize two situations: (a) uniscaling or unifractal processes where H(q) = H is constant; and (b) multi-scaling or multifractal processes where H(q) depends on q.
Data
Cryptocurrencies' markets are not regulated by national authorities and market data lacks of proper independent standardization and verification. Consequently, a careful selection of the data sources is a key element in order to obtain reliable results.
Following Alexander and Dakos (2020), we obtain our data from CryptoCompare (0120), because other coin-ranking sites base their quotes on unreliable volume data.
We use daily price data of the eighty-four largest cryptocurrencies, according to traded volume. The period under examination goes from 06/01/2018 to 05/03/2020, for a total of 790 observations. The selection criteria was based on the average daily volume traded over the period, and the availability of data for every day within the period under study.
A table with the list and descriptive statistics of daily logarithmic returns is included as a supplementary material to this letter.
Results
Most studies have been focusing on Bitcoin or, at most on a few cryptocurrencies. This fact generates an overrepresentation of the big players in the literature. The analysis of eighty-four cryptocurrencies allows depicting a more comprehensive landscape of this novel and rapidly evolving market.
Our empirical investigation is divided into two parts. The first one, computes the generalized Hurst exponent for q = {1, 2}. The second one, refines results by using a multi-scaling procedure with the computation of the curves of qH(q) as a function of q.
The descriptive statistics of the logarithm of the average daily volume of the period, and the estimated Hurst exponents are displayed in Table 1 .
Results regarding the estimated Hurst exponents for q = 1 uncover an uneven behavior of cryptocurrencies. H(1) describes the scaling behavior of the absolute values of the increments of a time series. We find that 0.5 < H(1) < 0.6 for most of the largest cryptocurrencies according to traded volume. Hence, behavior is congruent with a standard Brownian motion or with a somewhat persistent stochastic process. This is in line with previous findings (referred only to Bitcoin) by Urquhart (2016) , Bariviera (2017) , Phillip et al. (2019) , and Aslan and Sensoy (2019), among others. From Figure 1 it can be seen that cryptocurrencies within the third and fourth volume quartiles behave differently. Their Hurst exponents spans between H(1) ≈ 0.32 and H(1) ≈ 0.65. Coins in the third quartile tend to follow a persistent behavior (H(1) > 0.5), whereas those in the fourth quartile are more likely to present an anti-persistent behavior (H(1) < 0.5). In both cases, the time series are generally informational inefficient. A density plot is inserted on the right vertical axis of Figure  1 in order to show the distribution of the generalized Hurst exponent in the different quartiles.
The Hurst exponents for q = 2 is connected to the autocorrelation function and connected to the power spectrum (Flandrin, 1989; Di Matteo et al., 2005) . We observe, again, a noticeable behavior depending on cryptocurrency size. Cryptocurrencies in the first and second volume quantiles are roughly efficients, whereas the third and fourth quartiles exhibits an clear antipersistent behavior (see Figure 2 ). As mentioned in Section 1, we generalize the analysis of the Hurst exponent for different values of 0 < q < 4. Figure 3 displays the planar representation of q × qH(q). The results of the different coins are grouped into quartiles according to volume. As a benchmark model, we include also the results arising from a simulated time series of the same length and H = 0.5 1 If the stochastic process under consideration is monofractal (i.e. the simulated time series), qH(q) as a function of q is a straight line, and its slope depends on the H. However, the presence of nonlinearities in this function is a signature of multifractal processes. Thus, we provide compelling evidence against (fractional) Brownian, (fractional) Lèvy, and other additive, monofractal processes.
This analysis reinforces what was shown previously regarding the heterogeneous behavior of cryptocurrencies according to their volume size. Figure 3 clearly reveals that coins in the first quartile follow roughly unifractal processes, being a fractional brownian motion a suitable model for describing their behavior. On contrary, cryptoassets within the other cuartiles (specially those in the third and fourth) exhibit strong multifractality. In such cases, Brownian or Lèvy models (included their fractional varieties), are deemed inadequate for capturing their complex dynamics.
Conclusions
This letter sheds light on the multifractal behavior of the cryptocurrency market in a broad way.
We expand previous research computing the generalized Hurst exponent of eighty-four cryptocurrencies time series.
According to our results, cryptocurrencies have a different long memory endowment, according to their size, proxied by traded volume. More importantly, we detected the presence of multiflactality in several time series. Largest cryptocurrencies (those in the first quartile of volume) seem to follow monofractal processes, consistent with a fractional Brownian motion. On contrary, other cryptocurrencies exhibit strong multifractality. This result poses some restrictions on the suitable stochastic models for such coins.
Consequently, our results support the idea that cryptocurrencies differ not only among them in their long range dependence, but also in the stochastic processes that govern their dynamical behavior.
Our findings can be of interest for academics and practitioners alike. From the academic point of view, means that one model does not fit all. It is necessary to study on a case-by-case basis, in order to select the most appropriate model to describe return dynamics. From the practitioners point of view, means that there could be some arbitrage opportunities, depending on each cryptocurrency.
Data Availability Statement
The data that support the findings of this study are available from the corresponding author upon reasonable request.
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